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MATHEMATICS 2023 - INFINITE SERIES |
ACADIA UNIVERSITY

1. EXERCISES

1. [15 marks] Find the first 5 terms of the Taylor series fdk) = In(x) expanded about the
point x = e. From these terms predict what th& term will be and use the ratio test to
determine the open interval on which the series converges.

Solution: f(x) = 1+ *Z® (Xz_e?z + (X;ei)g - (X;e?4 .. (5 marks) hence the" term
(X_e)n+l nd .

will be ();i (for n > 0) (5 marks). Ratio test gives lime | gt oign | =

e imp oo |a2z| = ¢ hence the series wil converge foe (O 2e) (5 makrs).

2.6 marks] Suppose we approximage= 1+ x+ 75 + 37 S+ ﬁ + 5| = P5(x)

(a) Use the Taylor remainder term to bound the efr— P5(x)| in this estimate if we
restrict—2 <x < 2.
Solution{e* — Ps(x)| < €2
(b) If we takex = 1, then we have = 1+ 1+ L + L + 11+ 1 — 183 yse the Taylor
remainder term to bound the error in this approximation.
Solution: [&“ — Ps(x)| < & 2 0.003775
(c) Use your calculator to calculate the erroran= 163 and compare it with the bound
found in part (b).
Solution:e— %%~ 0.001615< 9116
3. [5 marks] To find the Taylor series for arctam expanded about the poirt= 0 you could
proceed to differentiate arctef)many times, but the derivatives quickly become cumber-
some. (Try a few and see!) An alternate way to find this series is to note that

X1
/o T szz_ arctargx).

But we can expanqﬁin a geometric series

1
o =1-Z A A

Now integrate this series from 0 gaterm by term, to arrive at the series for arctgn(

Solution:arctatx) = f3 11,dz= [J1- 2+ 2~ B+ -dz=x—5 +% -

4. [15 marks] Using only the definition, prove that a Cauchy sequence is bounded.
Solution: (Warning: must show that the sequence is bounded from above and from below!!!
Take off 5 marks if student forgets.) Given any 0, there exisN such thal{aNH — | <€
for any j > N hence alla; < an41 + € anda; > any1 — €. Therefore, we have the upper
bound maxas,ap,as,...,an, an+1 + €} and the lower bound mifey, ay, a3, ...,an,an+1 — €}
and this works no matter whiaghwe chose.

5. [30 marks - 6 marks for each part] Use the ratio test to determine the radius of convergence

and open interval on which the following series converge:
1




Solution: We giveR, the interval of convergence and the radius of convergence. For full

marks, student must provide all three. Givinmnstead ofix| for Ris a major mistake.

(@) T2 o =1+ 5+ 5+ 5+

Solution:R= |X| and(—2,2). Radius of convergence is 2.

(b) zn:1n2:x+22+?+§....

Solution R=|x| and(—1,1). Radius of convergence is 1.
3

(C)Zno 1+1|+2|+2§)|(+

Solutlon R=0 and(—o, ). Radlus of convergence is.

(2x=1" _ (-1 x-1? | (x-1°3 | (x-1?*

(d) Zn 1 );ns —(;13)+(2.23) +(2.33:) +(;,43) _

Solution:R= |2x— 1| and(0,1). Radius of convergence ig2.
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(@) Sho' =1+ B+ 30+ 904

Solution: R — o« except wherx = 0. Radius of convergence is 0

6. [10 marks] Consider the series 4 - 4/3 + 4/5 - 4/7 + 4/9 + . z 2n+1 Show that the

conditions of the alternating series test are satisfied and hence the series converges. It is
known that this series converges to the valugtoSuppose we wanted to approximate

by using then'" partial sum of the series. If we wanted the error to be less than 0.001, how
many terms of the series do we need to use?

Solution: It is an alternating series because the signs alternateépcﬂs decreasing as

n mcreases (5 marks). AST estimate gnﬁ% 0 2n +1 is o close torthence we need

st < 0.001 orN > 222 s0 a good answer is 2000 (5 marks). (HoweNet 1999 is not
a good answer accordlng to AST because it allows an error of 0.00100025 which is bigger
than the threshold.)

X .
7. [10 marks] The functiorsi(x) = fs'rt‘(t)dt is called the "sine integral" function. Since the
0

anti-derivative ofw is not expressible in terms of elementary functions, we can't use the
fundamental theorem of integral calculus to evaluate the definite integral. To find the Taylor
series forsi(x) proceed as follows:

(a) [2 marks] Using the series for i), divide it byt to get the series fo?jrt'—(t).
Solution: S'”( - + 2—4, —
(b) [2 marks] Integrate the series féP— to evaluate the definite integral in the definition
of si(x).
4 5
Solution: [ S dt=fo1- +Eﬂ—...dt:x 3’;33,+5§5, — ..
(c) [ 6 marks] What is the radlus of convergence of the seriesi{a)?
Solution: Using the ratio test, we gBt= 0 and hence the radius of convergenceis
and the interval of convergence(is, «).
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