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1. [15 marks] (Numerical Derivative) An elevator is moving with a variable velocityv. Esti-
mate the velocity at timet = 0 if the following data is available (give one velocity per case)
usingTaylor series expansions.

(a) The elevator is at heightp = 10 m att =−1 s and at heightp = 15 m att = 1 s.

(b) The elevator is at heightp = 10 m att =−1 s and at heightp = 15 m att = 2 s.
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(c) The elevator is at heightp = 10 m att =−1 s, at heightp = 12 m att =−0.1, and at
heightp = 15 m att = 2 s.
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2. [20 marks] (Numerical Integration) Suppose we want to compute integrals likeI( f ) =∫ 1
0 f (x)exdx numerically using an approach similar to Gaussian Quadrature.

(a) Solve forc1, x1, c2, andx2 in the quadrature formulaI( f ) =
∫ 1

0 f (x)exdx= c1 f (x1)+
c2 f (x2) assuming that the quadrature formula must be exact for polynomials of order
3 (examplef (x) = x3).
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(b) Using the quadrature formula in part (a) (with the samec1, x1, c2, andx2), show how
you could integrate numerically

∫ 0
−1g(x)exdx for a giveng. Prove that your solution

is exact for polynomials of order 3 (exampleg(x) = x3).

(c) Find three polynomialsp0(x), p1(x), andp2(x) of degree 0, 1 and 2 respectively such
that

∫ 1
0 pi(x)p j(x)exdx= 0 wheneveri 6= j.

5



(d) Explain how you could computec1, x1, c2, andx2 in the quadrature formulaI( f ) =∫ 1
0 f (x)exdx= c1 f (x1)+c2 f (x2) (see part a) using the polynomials in part (c). Specif-

ically, explain how the roots ofp2 relate tox1 andx2.
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3. [25 marks] (Interpolation)

(a) Using Newton’s pyramidal approach and showing all of your work, find the Newton
polynomial interpolating the points(x1,y1) = (1,2), (x2,y2) = (4,−1), and(x3,y3) =
(−2,1).

(b) Find the Lagrange polynomial interpolating the points(x1,y1) = (1,2), (x2,y2) =
(4,−1), and(x3,y3) = (−2,1).

(c) Compareyour answers in part (a) and (b).Explain.

7



(d) Explain how you can efficiently add new data nodes to an existing Newton polynomial
as long as you still have the Newton’s pyramid. That is, explain how you are able to
add new nodeswithout recomputing Newton’s pyramid entirely each time.
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(e) Using the approach described in part (d), modify the polynomial in part (a) to interpo-
late the points(x1,y1) = (1,2), (x2,y2) = (4,−1), (x3,y3) = (−2,1), (x4,y4) = (6,12),
and(x5,y5) = (9,1).
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4. [20 marks] (Numerical Solutions to ODEs)

(a) Solvey′ = x2 + y over the interval[0,1] using Euler’s method with initial condition
y(0) = 0 and a step size of 1/2.

(b) What is the order of accuracy of Euler’s method in this case? Derive your answer from
Taylor’s theorem.

(c) Is Euler method stable when solvingy′ = x2 + y over the interval[0,1] with initial
conditiony(0) = 0 ? Explain.
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(d) Solvey′′ = x2+y over the interval[0,1] with boundary conditionsy(0) = 0 andy(1) =
0 using a step size of 1/2 by shooting (hint: the differential equation is linear).
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5. [20 marks] (Finite-Difference Methods) Consider the linear differential equationy′′− y′+
y = 0 with boundary valuesy(0) = y(1) = 0.

(a) Write the finite difference approximation to the differential equation using central-
difference formulas.

(b) Assuming a step size of 1/4 write the finite difference system.

(c) Write the system as a matrix equation.
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(d) Rewrite the system with general boundary valuesy(0) = a, y(1) = b.
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